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Abstract. The Cauchy problem for the Chern-Simons-Higgs system in the 
(2+l)-dimensional Minkowski space in temporal gauge is globally well-posed 
in energy space improving a result of Huh. The proof uses the bilinear space- 
time estimates in wave-Sobolev spaces by d’Ancona, Foschi and Selberg, an 
-estimate for solutions of the wave equation, and also takes advantage 
of a null condition. 


1. Introduction and main results 

Consider the Chern-Simons-Higgs system in the Minkowski space R 1+2 = R* x R 2 
with metric g = diag( 1, —1, —1) : 

= 2e^/m(0D' 5 0) (1) 

= -0U'(|0| 2 ), (2) 

with initial data 

A v { 0) = a v , 0(0) = 0o , (9*0)(0) = 0i, (3) 

where we use the convention that repeated upper and lower indices are summed, 
Greek indices run over 0,1,2 and Latin indices over 1,2. Here 

D p := - iA„ 

F^ := dfj,A v - 8 V A^ 


F^ v : R 1+2 —i R denotes the curvature, 0 : R 1+2 — > C is a scalar field and 
A„ : R 1+2 —» R are the gauge potentials. We use the notation where 

we write (a; 0 , x 1 , ..., x n ) = (t, x 1 , ..., x n ) and also <9o = 9* and V = ( 81 , 82 ). e pvp 
is the totally skew-symmetric tensor with e 012 = 1, and the Higgs potential V 
is assumed to fulfill V G C°° (R + , R) , V(0) = 0 and all derivatives of V have 
polynomial growth. 

The energy E(t) of the system is conserved, where 

Eit) := / (J2\D,m 2 +V(\m 2 ))d X . 

J R 2 ^=0 

This model was proposed by Hong, Kim and Pac I 11KI* and Jackiw and 
Weinberg m in the study of vortex solutions in the abelian Chern-Simons theory. 
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The equations are invariant under the gauge transformations 

Aft —> A'p = A^ + d^x i 0 — * ft = e lx 4>, -a D'^ = — iA ^ . 

The most common gauges are the Coulomb gauge d 3 A ? = 0 , the Lorenz gauge 
d p A^ = 0 and the temporal gauge A 0 = 0. In this paper we exclusively study the 
temporal gauge for finite energy data. 

Global well-posedness in the Coulomb gauge was proven by Cliae and Choe 
[CC] for data G H a , fa G H b , fa G H b ~ x where (a, b) = (1,1 + 1) with 
l > 1 , satisfying a compatibility condition and a class of Higgs potentials. Huh 
[H] showed local well-posedness in the Coulomb gauge for (a, b) = (e, 1 + e) and in 
the Lorenz gauge for (a, b) = (| + e, | + e) or (a, b) = (^, §) , and in the temporal 
gauge for (a, b) = (l, l) with l > | . 

He also showed global well-posedness in the temporal gauge for data fa G H 2 , 
fa € H 1 , af G H 1 , a c / G H 2 , where a d f and a c f denote the divergence-free and 
curl-free part of a. 

The local well-posedness result in the Lorenz gauge was improved to (a, b) = 
(l, l + 1) and l> \ by Bournaveas [E] and by Yuan m ■ Also in Lorenz gauge the 
important global well-posedness result in energy space, where a M G Hi , fa G H 1 , 
fa G L 2 , was proven by Selberg and Tesfahun m under a sign condition on the 
potential V, and even unconditional well-posedness could be proven by Selberg 
and Oliveira da Silva [SOj . In |ST| the regularity assumptions on the data could 
also be lowered down in Lorenz gauge to (a, b) = (1,1 + |) and l > | . This latter 
result was improved to l > j by Huh and Oh ima- Global well-posedness in 
energy space and local well-posedness for G , fa G H l+ ^ , fa G H l ~^ for 
\ > l > \ in Coulomb gauge was recently obtained by Oh m . For all these results 
up to the paper by Chae and Choe [cq and Oh m it was crucial to make use of 
a null condition in the nonlinearity of the system. 

A low regularity local well-posedness result in the temporal gauge for the 
Yang-Mills equations was given by Tao [ta¬ 
in this paper we consider exclusively the temporal gauge. We show local 
well-posedness in energy space and above for potentials V of polynomial growth, 
more precisely for data fa G H 1 , fa G L 2 , |V| £ Oj G H? (e > 0 small), under 
the compatibility assumption dia 2 — c^aq = 21 m( fa fa). If V satisfies the sign 
condition V(r) > — far Vr > 0 , where a > 0, this solution exists globally in time. 

Thus we directly show global well-posedness for finite energy data in temporal 
gauge, wehich was known before in the case of the Coulomb and the Lorenz gauge. 

We use a contraction argument in X s ’ b - type spaces adapted to the phase 
functions r ± |£| on one hand and to the phase function r on the other hand. We 
also take advantage of a null condition which appears in the nonlinearity. Most of 
the crucial arguments follow from the bilinear estimates in wave-Sobolev spaces 
established by d’Ancona, Foschi and Selberg IAFSI . which rely on the Strichartz 
estimates. Moreover we use an estimate for the L\L \-norm for the solution of the 
wave equation which goes back to Tataru jKMBTj and Tao [Til . When applying 
this estimate we partly follow Tao’s arguments in the case of the Yang-Mills equa¬ 
tions. For the global existence part, which of course relies on energy conservation, 
we adapt the proof of Selberg-Tesfahun pTj for the Lorenz gauge to the temporal 
gauge. 

We denote the Fourier transform with respect to space and time by ^. The 
operator |V|“ is defined by (|V|“/)(£) = |£l“(-T/)(£)i where T is the Fourier trans¬ 
form, and similarly (V)“. The inhomogeneous and homogeneous Sobolev spaces 
are denoted by H s ’ p and H s ’ p , respectively. For p = 2 we simply denote them by H s 
and H s . We repeatedly use the Sobolev embeddings H s,p C L q for 1 < p < q < oo 







CHERN-SIMONS-HIGGS IN TEMPORAL GAUGE 


3 


and - = - — f, and also H 1+ (~l H 1 C L°° in two space dimensions. 

a+ := a + e for a sufficiently small e > 0 , so that a < a+ < a + + , and similarly 

a -< a— < a , and (•) := (1 + | • | 2 )^ . 

We now formulate our main results and begin by defining the standard spaces 
X± b of Bourgain-Klainerman-Macliedon type belonging to the half waves as the 
completion of the Schwarz space <S(M 3 ) with respect to the norm 

IMIxJ 6 = ll<0*<' r± l£l) 6 “(' r >OIU? s ■ 

Similarly we define the wave-Sobolev spaces Xj s 7 ; b = |,.| with norm 


«llw , =ll<O s <|r|-^) 6 u(T,OllLj 


|t|=|«I 




and also Xf_ 0 with norm 


ll“llx ^ 0 = IKO’<r) 6 e(r,OIUj t . 

We also define X^.’ b [0,T] as the space of the restrictions of functions in X± b to 
[0,T] x R 2 and similarly ApljL^fO, T] and X^ 0 [0,T]. We frequently use the esti¬ 
mates llull ,b < ||u|| „ s , b for b < 0 and the reverse estimate for b > 0. 

" " A ±_ ~ " " A |r| = |{| 

Our main theorems read as follows: 

Theorem 1.1. Let e > 0 be sufficiently small, and V £ C' 00 (R + ,R) , U(0) = 
0, and all derivatives have polynomial growth. The Chern-Simons-Higgs system 
CP> (HP) (GP in temporal gauge Aq = 0 with data 0o £ H 1 (R 2 ) , 0i £ L 2 (R 2 ) , 
|V| e aj £ H 2 (R 2 ) satisfying the compatibility condition 8102 — 8201 = 2/m(0 o 0i) 
has a unique local solution 

0 £ C°([0, T], H 1 (R 2 )) n C ,1 ([0, T], L 2 (R 2 )), |V| e A e C 0 ([0,T],ff?(R 2 )). 

More precisely, T only depends on the data norm 

11411^ + 110111^ + 11^1^(0)11^ 

and 0 = 0 + +0_ with 0± £ X± 2+t [0, T\. If A = A d ? +A c f = — (—A) _1 V div A+ 
(—A )~ 1 curlcurlA is the decomposition into its divergence-free and its curl-free 
part, one has VW+ e X“j 0 +e ’^ + [0 ,T] , |V| e W+ € C°([0,T],T 2 (R 2 )) , VA d f £ 
A|^| 2 = ^| [0, T], |V|^/ £ C°([0, T\, L 2 (R 2 )), and in these spaces uniqueness holds. 

Moreover one has V A d f £ A| r j 5 +|^|‘ 5 [0,T] for 0 < 6 < e, and higher regularity 
persists. In particular the solution is smooth, if the data are smooth. 

Theorem 1.2. Assume in addition that V(r) > a 2 r for all r > 0 for some a > 0. 
Then the solution of Theorem \l.l\ exists globally in time. 

Remark: 1. Under our assumptions on the data the energy E( 0) is finite. We 
namely have 11^0(0)11^2 < ||9 i 0(O)|| L 2 + ||a J 0 o ||L2 < ||0 o || ff i + || V| e <Zj || ff 1 \\M\m < 
00 and U(|0| 2 ) £ L 1 , because H 1 C L p for all 2 < p < 00 . 

2. Persistence of higher regularity is a standard fact for solutions constructed by 
a Picard iteration, so we omit its proof. 


4 


HARTMUT PECHER 


2. Reformulation of the problem 

In the temporal gauge A 0 = 0 the Chern-Simons-Higgs system ©,© is 
equivalent to the following system 

d t Aj = 2e ij Im(^D i ct>) (4) 

d -,^ (5) 

□</> = 2iA j d j( f> - idjA j <j> + A j Aj(j) - ^'(H 2 ) 

d\A 2 - d 2 A x = 2 Im(4>d t (j )), (6) 

where i, j = 1,2 , ei 2 = 1 , £21 = —1 and □ = d 2 — df — d 2 . 

We remark that © is fulfilled for any solution of ©,©, if it holds initially, i.e. , 
if the following compatibility condition holds, which we assume from now on: 

01^2(0) - d 2 A 1 (0) = 2/m$(0)(a^)(0)). (7) 

Indeed, we have by © and ©: 

dt(diA 2 — d 2 Ai) = 2Im{(j)(D‘l(j) + D 2 ^)) = 2/m((/><9 2 </>) = 2 dtlm{4>d t (j)) ■ 

Thus we only have to solve © and ©, and can assume that © is fulfilled. We 
make the standard decomposition of A = (Ai, A 2 ) into its divergence-free part A d f 
and its curl-free part A c f , namely A = A d f + A c f , where 

A d f = (—A)~ 1 (did 2 A 2 — d\A\, d\d 2 A\ — d 2 A 2 ) = (—A) -1 curl curl A , 

A^f = —(—A)~ 1 (did 2 A 2 + dfAi,d\d 2 A 1 + d 2 2 A 2 ) = -(—A) _1 V divA. 

Let B be defined by A d f = —d 2 B , A 2 = d\B . Then by © and d\A c J — d 2 A^ = 0 
we obtain 

A B = d\A 2 — d 2 Af = 2Im{(j)dt4>) > 

so that 

Af = —2A~ 1 d 2 Im{(j)dt4>) 1 A 2 = 2A~ 1 d\Im{(j)dt4>) • (8) 

Next we calculate d t A c f for solutions {A,(j>) of ©,©: 

d t A\ f = AT'diididtAi + dx dtA{) 

= 2A^ X di(d 2 Im{(j)Di(j)) — diIm{(j)D 2 (j)) 

= 2A" 1 d\Im{d 2 (j)Di(j) + <pd 2 Di<p — d\ (j)D 2 (j) — cj)diD 2 (j)) 

= 2A~ 1 diIm[d 2 (j)di(l) — di(j)d 2 (f) — iAid 2 (/>(f) + iA 2 d\(j)(j) 

+ <f){—iAid 2 (j) + iA 2 di(j> — id 2 Ai(j) + idiA 2 4>)\ 

= 2A~ 1 diIm[d 2 (j)di(l) — d\(j)d 2 (j) + i(j){A 2 di(f) — Aid 2 (j)) 

+ i<j)(A 2 di<f) - Aid 2 (j)) + i(diA 2 - d 2 Ai)\(j)\ 2 ] 

= 2A~ 1 diIm(d 2 <j)di(l) - di4>d 2 (j)) + 2A~ X di(A 2 d\\<j)\ 2 - ^4ic? 2 |<^| 2 ) 

+ 4A~ 1 d 1 Im(4>d t <p)\(l)\ 2 . (9) 

Similarly 

d t A c 2 f = 2A~ l d 2 Im{di4>d 2 (j) - d^dicfy + 2A~ 2 d 2 (Aid 2 \cj)\ 2 - A 2 d\\(j)\ 2 ) 

+ 4A _1 9 2 7m(^9 t ^)|<?!)| 2 . (10) 

Moreover from © we obtain using d 3 A'!? = 0: 

□0 = 2iA cf V(/>+2iA df V(l)-id 3 A c /(l>+(A df ' j +A cf ’ : >)(Af+A c /)(j)-(j)V\\(l>\ 2 ). (11) 
We also obtain from © and © 

d t Af = 2d t A~ 1 diIm$d t (t)) = 2 A- 1 d Jm(d>d 2 (p) = 2A^ l diIm(^D 3 D^). 
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Now 

Im^D^ Dj(f>) = Im{(j)d^ dj4> — 2i(j)Aj(P(j) — ifid-* Aj<f>) 

= Im{(j)d d dj4> — itfiAjd-i cj> — iAjtfid-’ <fi — icj)d^ Aj<j>) 

= Im((j)Dj4>), 

so that 

d t A? = 2A~ 1 d 1 dUm^D ^). (12) 

Similarly we obtain 

d t A? = -2A - 1 d 2 d j Im($D :i <j >). (13) 

Reversely defining A := A d f + A c f we show that our new system (1R1) . (H71) . (TTTT1) . (TlTl) 
implies ©,© and also ([6]), provided the compatability condition 0 is fulfilled. 
© is obvious. © is fulfilled because by use of © and m one easily checks 
d\A? — d 2 A? = 0, so that by © 

8 t (diA 2 - d 2 A,) = 8 t (diA? - d 2 Af) = d t Im((j)dt(j)). 

Thus © is fulfilled, if © holds. Finally we obtain 
dtA, = dtA? + 8 t A f 

= 2A- 1 di(d 2 Im((l)Di(j)) — d\Im{(j)D 2 (f))) — 2A^ 1 d 2 (d,Im{(f)Di(j)) + d 2 Im((j)D 2 (j))) 
= —2Im((j)D 2 (j )), 

where we used © and also urn which was shown to be a consequence of © and 
(HD- Similarly we also get 

d t A 2 = 2Im{4>Di(f )), 
so that © is shown to be satisfied. 

Summarizing we have shown that ©, ©, © are equivalent to ©, © , (fTTil) , (fill) 
(which also implies (fl2l) . (THU ) ). 

Concerning the initial conditions assume we are given initial data for our 
system ©,©,©: 

Aj{ 0) = a 3 , m = <j >0 , {d t <!>){ 0) = <j>\ 

satisfying |V | e CLj £ Hi , cj>o G H 1 , (j>, G L 2 and ©. Then by © and © we obtain 
A? (0) = — 2A~ l d 2 Im(<f) 0 (t)i) = —A~ 1 d 2 (dia 2 - d 2 a 1 ) 

A? (0) =2A^ 1 diIm(cj) 0 (t>i) = A~ 1 di{d,a 2 - d 2 a,) 

and 

A?( 0) = a 3 - A?( 0), 

thus 

\\7\ e A? (0) G Hi , M e A? (0) G Hi . 

In the sequel we construct a solution of the Cauchy problem for ©,©,©11). 
m with data ^>0 G H 1 , <j>i G L 2 , |V|M^(0) G Hi. We have shown that 
whenever we have a local solution of this system with data 0o ; bi and A? ( 0) = 
ctj — A d j (0), where A? (0) = ~2A^ 1 d 2 Im{(j) 0 (j)i) , A? (0) = 2A _1 di/m(<(> 0 (^i), we 
also have that (<j),A) with A := A d f + A c f is a local solution of ©,© with data 
(</>o, </>i, a,, a 2 ). If © holds then © is also satisfied. 

Defining 

(frz t = ^(<f>±r 1 {v)~ 1 d t (i>) 


<t> = </>+ + <t>- , d t <t> = *(V)(</>+ - </>_) 
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the equation m transforms to 

{id t ± (V))</>± = ± 2- 1 (V)" 1 (2 iA cf V(/) + 2iA dS Xl<f - id 3 A c / 0 (14) 

+ {A d fj + A°f’ 3 )(Af + A c /)<l> - 0P'(|</>| 2 ) + </,) 

Fundamental for the proof of our theorem are the following bilinear estimates 
in wave-Sobolev spaces which were proven by d’Ancona, Foschi and Selberg in the 
two-dimensional case n = 2 in (AFSl in a more general form which include many 
limit cases which we do not need. 


Theorem 2.1. Let n — 2. The estimate 


IIHI 

m=i«i 


< HI 


■ si ,b 

l’•1=11 


\H 


X 


s 2> b 2 
M = |€l 


holds, provided the following conditions hold: 


b 0 + 6 i + b 2 > - 
bo + b\ > 0 

&o + > 0 

bi + b 2 > 0 

3 

so + si + s 2 > — — (bo + b\ + b 2 ) 

so + si + s 2 > 1 - min (& 0 + bi, b 0 + b 2 , b\ + b 2 ) 

so + si + s 2 > - - min( 6 0 , b 1 ,b 2 ) 

3 

So + Si + s 2 > - 
(so + bo) + 2si + 2 s 2 > 1 
2so + (si + bi) + 2s 2 > 1 
2so A 2si + (s 2 + b- 2 ) > 1 
si + s 2 > max( 0 , — bo) 
so + s 2 > max( 0 , —bi) 
so + Si > max( 0 , — b 2 ). 


We also need the following 


Proposition 2.1. The following estimates hold 


\\n\\ Llt < HI 
\Ml%l1 $ Nl 


1 1 
X , 2 ’ 2 


+ 5 

M=m 


1 1 1 
M = |€l 


(15) 

(16) 


Proof. (1151) is the original Strichartz estimate |Strj combined with the transfer 
principle. m goes back to K.MBlj . Thm. 3.2: 


\\FtU\\ L 2 L B < |K|y , 

if u = e lt l v l'Uo and J~t denotes the Fourier transform with respect to time. By 
Plancherel and Minkowski’s inequality we obtain 


IMI l%l? = \\Ftu\\ LlL * < \\FM\lili < \\uo\\ A i ■ 
The transfer principle gives GSD- 


□ 
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The following easy consequences are obtained by interpolation between 


m and the trivial identity 


MLl t 

= 

||W 

I V 0 ’ 0 

a m=isi 


< 

II u 

1 1 1 1 

1 x s+’?+ 
M = |«l 

u \\l%l* 

< 

II u 

3 3, 

1 + 

M=l€l 


< 

ll?x 

1+ 3 , 

'x 8 ’ 8 
M=l€l 

u lJ+l 2+ 

< 

\\u 

1+ 3 , 

'x 8 ’ 8 
M=l€l 

l\ u \\ l%l* 

< 

\\u 

1 11 

1 v T 2’3 + 
M=ifi 

itll 2 

< 

llw 

1 f,^+ 
M = |«l 



(17) 

(interpolate (fl5l) and (fl6l) ), 

(18) 

(interpolate (fl5l) and 1171) ), 

(19) 

(interpolate (fl8l) and (1X71)1 , 

(20) 

(interpolate (ITSl) and (1171) ), 

(21) 

(interpolate (ITU and (1171) ), 

(22) 

(interpolate (ITU and (1171) ). 

(23) 


3. Proof of Theorem o 

Taking the considerations of the previous section into account Theorem 11.11 
reduces to the following proposition and its corollary. 

Proposition 3.1. Let e > 0 be sufficiently small. The system 

(■ idt ± (V))0± = ±2 _1 (V) _1 (2 iA cf Vcj) + 2 iA df V(j) - i d J A c /(j> (24) 

+ (A#* + A rf ' J )(.4f + A c /)<j> - <fV\ |</>| 2 ) + </>) 

Af = —2A~ 1 <9 2 Im((j>dt<l>) , A 2 = 2A~ X dilm^dtcf) (25) 

d t A\ f = 2A _1 dilm(d2^di(j> - <9i<(><9 2 0) + 2A~ l di(A 2 di\(j)\ 2 - Ai<9 2 |<(>| 2 ) 


+ 4A 1 dilm((j)dt4>)\(t>\ 2 (26) 

d t A 2 s = 2A~ 1 i9 2 /m(<9i<(>(9 2 <(> - <9 2 ^di0) + 2A^ 1 9 2 ( j 4i9 2 |^| 2 - ^4 2 c?i|0| 2 ) 
+ 4A~ 1 9 2 /?n(<)>3 t </>)|<(>| 2 . (27) 


with data <^±(0) £ H 1 and |V| £ A c ^(0) £ H 2 has a unique local solution 


r 


b± £ X^^ [0,T], X7A cf £ X r j 0 +£ ’ 2 + [0 ,T], \X7\ e A cf £ C°([0, T],L 2 ). 

Here </> = </>+ + <f>- , d t <j) = i(V)(<f>+ — <^_) . Moreover A d f satisfies VA d f £ 


A| r ’ 2 =|c| [0,T] , |V| e A d f £ C°([0, T],L 2 ) and also VA# 
0 < 5 < e. 


£ X, 


M=|£l 


'[0,T] for 


We obtain immediately 

Corollary 3.1. The solution has the property <j> £ C°([0, T], H 1 ) (~l CAQO, T], L 2 ), 
\V\ e A c f £ C°([0,T},Hi) and \X7\ e A d f £ C°([0, T],H l ~ e ~). 


Proof. We want to apply the contraction mapping principle for 


i>± £ X^ +e 


[0, T \, X7A cf £ xJ^ + [0, T} 


|V| e A c/ gC ,o ([0,T],L 2 ). 


By well-known arguments this is reduced to the estimates of the right hand sides 
of (12X1) . (12611 and (BZD stated as claims 1-9 below. We start to control VA c f in 

Y~ 5+ e ’-| + 

Claim 1: 

\\df4>dj(j) - d^d^W i +6 ,_i + < ||V0|| 2 


a 


X. 


0,%+e- 

M=|£l 
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Let ±1 and ±2 denote independent signs. Using 

di<j)dj<j> - dj^dicj) = ^2 (^^±i^^±2 - dA± 1 di<t>± 2 ) 


it suffices to show 

|| di4>djil) - dj4>di% 


x. 


±l,±2 


_ 4+ e > _, 7 + 


< IIV0II ||W|| 


X. 


X 


±2 


We now use the null structure of this term in the form that for vectors C = (C 1 , £ 2 ), 
77 = (77 1 ,r/ 2 ) £ R 2 the following estimate holds 

l£V “CVI < ICIM^(C,»?), 

where Z(C, rf) denotes the angle between C and 77. The following lemma gives the 
decisive bound for the angle: 

Lemma 3.1. ({5], Lemma 2.1 or eh, Lemma 3.2) 


^(±iCi, ±262) ;$ ( 


(n ±1 |Ci|) + {t2 ± 2 Nhl , ( (MHC3I) \^~ e 


YH-, 


m i n ((£i}>( 6 » ' Vmin((Ci),(C 2 ))' 

vCl, 6 ) C3 e R 2 , n, T 2 , t 3 £ R with Cl + 6 + 6 = 0 and n + r 2 + t 3 = 0 . 
Thus the claimed estimate reduces to 

«i(n,Ci) ^2 (^"2, C2) U 3 (t 3 ,^ 3 ) 


(28) 


(ri ±1 |Ci|)2 +e (r 2 ±2 IC2I) 2 +e (C 3 >2 £ (t 3 )2 


—^(±iCi,± 2 C2 ) < i 




(29) 


where * denotes integration over Ci, C2, C3, r i, r 2, r 3 with Ci + C2 + C3 = 0 and 
ti + T 2 + r 3 = 0 . We assume without loss of generality that |Ci| < IC2I and the 
Fourier transforms are nonnnegative. We distinguish three cases according to which 
of the terms on the right hand side of (T251) is dominant. 

Case 1: The last term in (1251) dominant. In this case (1291) reduces to 


«i(n,Ci) 


M2(t 2 ,C2) U 3 (t 3 ,£ 3 ) 


'* (InI - ICi|) 2+£ (Ci)^ f (N - IC2D 2+ e (C3) 2 £ (t 3 )2 


-(NHCsIK 


3 

2—1 


\ U i\\Ll 


1.1: |r 3 | > In this case 


Ml(ri,Cl) 


reduces to 


(|n|-|Ci|)^ +£ -(Ci)^ £ <|t 2 |-|C2|)^ +£ - (Cs) 


which follows from Theorem o 

1 . 2 : |r 3 | < %1 =* (|r 3 | - |C 3 |) ~ (Ca). 

1.2.1: |r 2 | <C IC 2 1- We have to show 


U2(t2,C2) u 3 ( t 3 ,^ 3 ) 1 _ 

T3^(l r 3| - IC 3 I ) 2 


sniwi^.. 

2=1 


«i(n,Ci) 


u 2 (t 2 ,C 2 ) u 3 {t 3 ,^ 3 ) 


(N - ICi|) 2+e (Cl) 2 e IC2I 2 


+e- 


(■Us )■ 


< 


m 


^IlLi 
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But by (l2()l) we obtain 

V1V2V3 dxdt 


< 


< 


< 


II' 1 ' 1 II LJLj + INIUjiflMI LIL^~ 


y h+'F+ 

M=ki 


1 llvsll 

H? L? 3 I W?- 


Hvill i+ «_,i_«||v 2 |l 4+ «_, 0 ||W3|| 


X, 


M=|«| 


x 


M = ISI 




as desired. 

1 . 2 . 2 : |t 2 | > |£ 2 |. br this case we use n + r 2 + 73 = 0 to estimate 

1 < ( T2 )^ < ( r i)^ , fa)* 

~ < 6 >* ~ (6)3 (&)i ' 

The second term on the right hand side is taken care of by 


Ui(n,£i) 


M 2 (t 2 , 6 ) 


U3 (T3,6) 


(|n|-| 6 |}^ e -<a)^- e ( 6 }*<N-| 6 I>* 


o+e— 


|r 3 |- 


This follows from 


viv 2 V3dxdt < Iki|| m L 4 \\v 2 \\ L4L 2 + \\v 3 \\ L2L 4- 


< 


IML|,f + IK'zll i+.f+lkall 0,1- 

|t|=i«i M=iei t =o 


which holds by (fTUl) and CU1) . 

For the first term we consider two subcases. 

1 . 2 . 2 . 1 : | n | <| 6 | 

We have to show 


(Tl) 4 < _<|l)4 

<€ 2 >i ~ <? 2> 3 ' 


Si(n,£i) 


M 2 (t 2 , 6 ) 


U3 (t3,6) 


'* (N - |£i|)* +e ( 6 )" 6 ( 6 ) i (k 2 | - | 6 l)= +£ ( t 3)- 

This follows from (l20l) which gives 


< 


viv 2 v 3 dxdt < \\vi\\ LiL ^+\\v2\\ LiL ^+\\v3\\ L2L f- 


< 


INI 


* + .|+ll«2|| i + 1 * + ||V3||, 
M = iei M=|£l 


1 - 2 . 2 . 2 : |n| » ICil 

Thus we need 


<Ti >_4 

<«2>i 


(kil-kil) a 


«i(n,£i) 


U 2 (t 2 , 6 ) 


U3 (r 3 , 6 ) 


Mini - |£i|)* +e (6)2 e (&)*(|t 2 | - |&l>= +e to)* 

But we have by (12^1) and (fTHll 

f V1V2V3 dxdt < \\vi\\ L 3 L 2\\v2\\ L e L 2+\\v 3 \\ L 2 L ~- 

< llnll *.i+ ll«2II *+.i+1|«31| 0.4 
M = |€l "V|=|€l 


0 


n ii“iiuj. ■ 

2 =1 


nikiLv 

2=1 


nii-iLu 

2=1 
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which gives the desired estimate. 

Case 2: The first term in (E51) is dominant (and | 6 | < | 2 1)- 
We have to show 


2i(n,6) 


« 2 (T 2 , 6 ) 


23 ( 7 - 3 .6) 


(|n|-|6l) e (6) 2 (I 7 - 2 I - I6l) 2+e (6) 2 £ (t-3) 2 ' 


< 


m 

i= 1 


^|| L 2 


2.1: |t 2 | < 161 => (N - 161) ~ (6>- 
The last estimate is reduced to 


2 i(ti,6 ) 


2 2 (7-2,6) 


23 ( 7 - 3 , 6 ) 


(Ini - |6l) e "(6)* <75)°+(6) i+e ”- (6)^ —e ( 73 )^ 


< 


n 

i= 1 


I Willi 2 


which follows by Sobolev’s embedding from the estimate 


V1V2V3 dxdt 


< 


< 


MINIMI L; 

INI i,o lh| 


-INI, 


A", 


M=UI 


x± 


IMUi-. 


X. 


2 - 2 : |r 2 | > | 6 I- 

2.2.1: |ri| < | 6 |- We use 


1 < ( T2 )" < ( T i)"~ 


(t-s) ’■ 


( 6 )^ ( 6 )- 

If the first term is dominant we reduce to 

2 i ( ti ,6) 22(7-2,6) 


( 6 >- 


2363 , 6 ) 


(InI - l6l) e -(6) 0+ (|r 2 | - |6l) l+e -(6)^ (6) | - e (7- 3 )^ 


< 


n 


I Will Ll 


It is a consequence of the following estimate which follows from (IT51) and Sobolev: 


V1V2V3 dxdt 


< 


< 


I|W1 IU»X,“ l|W2|lr,ei,J+ ||W3|lx,|io 


Dl Y°,° ^2 1+ 1+ V3 ii. 

1 A 11 A. N 0 y 3 ’ 2 

11 l€l A |x| = |C| A t =0 


If the second term is dominant we need 

f 2i(n,6) 22 ( 7 - 2 , 6 ) 


23 (73, 6 ) 


I * (ln| - |6l) e_ (6)* (ln| - |6l)’ +e “(6>*- (6)* 


which follows from Theorem 12.11 



2 . 2 . 2 : |n 

» 161 => (ln|- 

161 ) ~ (n)- 



We use 







1 < < T2 > f < 

(n) 4 

(t-s ) 4 



~ ( 6)i - 

(6) 3 

(6) 3 ' 

The first 

term reduces to 





2i(n.6) 

2 2 (t 2 , 6 ) 


2 3 (t 3 , 6 ) 


snwk.. 

i =1 


(nK (6> 2 (|t- 2 | - l6l) 2+£ (6) 3 (7-3) 2 (6> 2 


< 


n 
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We estimate using (l23l) and Sobolev: 


V1V2V3 dxdt 


< 

< 

< 


r 4 r 2+ IIV 2 II -S- IIU3II — 

L n L t " r 1 — e r 2 ° 11 r 1+26 r CX3- 

j-'x -‘-'t J-'X t 

V 2 \\e3 e+ \\v 3 \\ 1_„ i 


H 2 H? 


' Y 4 ’ 4 

|t|=isi 


Hi 


H/ 


ML 


ML*.*.-INI 

M=|«l t=o 


which gives the desired bound. 

If the second term is dominant we have to show 


«i(n,£i) 


u 2 (t 2 ,&) 


u 3 (t 3 ,£ 3 ) 


Mn) e (£1) = (M - |6l)= +e (6)* (7-3)2 4 (£3)2- 

which follows from 


v\v 2 v 3 dxdt 


< 

< 

< Ml 




! L? 


Ml 


< 


n 




i + 2e i 




y2\\* r2 \\v 3 \\i_ e i 


H£L 


H* H/ 


ML 


va^+II^Hjf*’ 0 l|V3 M 

x -=o -*M»J£I W 


where we used Sobolev’s embedding. 

Case 3: The second term in (CiHl) is dominant (and |£i| < £ 2 ))- 
In this case we reduce to 


ui(n,fi) 


W 2 (t 2 , 6 ) «3(7-3,6) 


(In| - |6l)’ +6 -<6)^ (In I - |6|) £ “ fo)*-(6)i- 


< 


n 


\ u i\\Ll t , 


which follows by Strichartz’ (fT5l) and Sobolev’s estimates by 


V\v 2 v 3 dxdt 


^ IM|ls.L?IM|lJ.L?IMI.L3.L? 


< 


1 1 

A'7’7 


+ 


^Uxo.o ,JM[ 


|t|:=U| 


K 1=111 


1 1 . 
X S’S 
^~=0 


Claim 1 is now proven. 

Before proceeding we estimate A d ?. By Sobolev’s embedding C L 2 

we obtain: 


ll|V|M ?\\ LrLl < || 05 ^||_,- 1 + e < IIWH 2 


L?°Lx 


<M ^WMhrLi <Mi, 4+ ll^ll o,i+ 

r 00 t A, ^ 


M = |€l 


X. 


M = |€l 


and for e > 0 : 


x. 


X, 


L M=I€I M=|€l 

by Theorem 12. 1[ which for 0 < 5 < e also implies 


x, 


x. 


x. 


(30) 


1 , 1 +e- H^t^ll 0 , 1 + 6 - 

kl=KI ' Y M = I£I 

(31) 

X,l+*-\\dt(t>\\ 0,%+e- ■ 
M = l£l |t|=I£I 

(32) 


M=iei M = l£l 

The cubic terms are easier to handle, because they contain one derivative 


less. 
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Claim 2: 

\\Aidm 2 ) ii 


L 2 t H x 7 


< 


(llVAf || i+e , i+ + |||V|^|| £ . (£ j))||0f lii+ + ||0|| a lfi+ M i+ 

M = l«l X M = |SI X |t| = |£I - Y kl = l«l 


ic/| 


We split Al = Al c ^ + A d f , and moreover + Af’ 1 as well as Af ' = 

Af’ h ^df,l j ow anc j f r q uenC y parts, i.e. suppAf' h C {|£| > 1} , 

suppAf’ 1 C {|£| < 1} and similarly Af. 

For the high frequency parts we obtain by m and Sobolev 


<\\Af h \\ L?L eU\ 


< m f>h dj 


Li Li 


L 2 L 12+c 


■\\dML r Li<\\Af h \\, M 


X, 


+ 


M=l€l 


M=|€l 


< IIV^H _i + .i + ||0|| a li i. 


X. 


x. 


and using also m we obtain 


\\A?' h dM 2 ) II 


L 2 t H x ^ 


<\\A?’ h \\ LtLS jm 


X 


i,i + 

|T|=I«I 


<l|Vdlp|| U\\\, h+ < 

M = l£l - Y PI = ISI 


ll^ll 3 ! l +€ J\dt<f>\\ 0,i+e- • 


■ x 1 ’S+‘ 
M = |CI 


' V ”’ 5 

M=|«l 


The low frequency part is taken care of as follows 


uf' l dm 2 )\\ 


L 2 t H x ^ 


< \\A?’ l dj 


LiL‘ 


< \\Aff\ Lr L^M\\ LiL s + ^\m\L t Li < \\M e Af\\ Lr Lim 2 1 ,* 


V ” 5 

M = |£l 


Similarly we obtain by (®D: 

-^<\mAf\\ LTLl u\W M <w 3 1)i+ lia^n 


\\Af l dm 2 )\\ 

Claim 3: 


x, 


M=iei 


x 


|Ti=.|ei 


x °’5+ 

M=|£l 


\\Im((l)dt4>)\(t>\' 2 


\ l2h -4 + . S ll^llii.44. W\\ x oM 

‘ x x \r\=\t\ 


M = |«l 


This follows from 


-i+e < \\Im((pd t (j))\(j)\ 

L/ t li x ±J t u x 


< M 


L?L? +e ' ~ "' r "LrL 


12 + e' 
t 


■\\M\\l?ia ■ 


In order to control ||^ 4 c ^||l“([o,t],l 2 ) in the fixed point argument we only 
have to consider the low frequency part of A c f , because the high frequency part 
is controlled by ||V 2 4 C -'’"|| _i +e i + . Denote the projection onto the low frequency 


A', 


part of Af by P. 

Claim 4 (a) 

r T 


M = l£l 


l|P(V 0 V 0 )[|*-l+.di 


< 


l!V^||i 2 dt<T||V0|| 2 o x + 

x y ’ 2 ' 

|T|=I<I 


by Sobolev’s embedding H]. +t (~l H\ e C P“, which implies 


P(V</>V</>)«>(&£ 


Vcj)V(j)Pwdx 


< 


<\m\ 2 L2 \\Pw\\ L o 

2 Miv7ll-e. 


\m\U\\M^Pw\\ L2 + |||Vr e Pu;|| i2 ) < ||V0HM||Vr- e «;|| L2 . 
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(b) 


r n^v(i^i 2 )ii A -i + .dt < r n^vd^i 5 

Jo Jo 

< [ T \\A d f\\ _2^ + \\(j)\\ LT -\\S7(j>\\ Ll dt < r|||V| e+ A d/ || ir . i 2||0|| i =o ff i||V</>|| Lr . i 2 


12 ''| 2 dt 


io 


<T\m\, i+ ii^iu 

X, 


M=iei 


M = |«i| 


by m- 

( c ) 

[ T \\A°f\7 (\(j>\ 2 )\\jj-i+edt < T\\A cf 


-\m 


L?°L< 


L?L 

<T\\\V\ £+ A cf \\ LrL M\\ 2 


IIV^IL 


M=m 


^ T(\\M e A cf \\ LrL 2 + \\VA cf \ 


x~i +e ’i + 

X T = 0 


)II0I| 2 , 


M = l€l 


(d) 




I HZ 


*dt< f ||<M<9 t </>)|</>| 2 || 2 dt 
Jo L 


<T\\<t>fL~Hl\\M\\L?Ll <T||^|| 3 _ lii+ \\d t (j)\\ 


X, 


M=iei 


jf 


M=|£| 


Next in order to estimate ||0|| i,i +e _ and ||c> t </>|| 0 i i +e _ we have to control the 




right hand side of (Bi- 
Claim 5: 


M = |«l 




P d/ V0 II 


X. 


o.- 4 +« 


<(|||V|^|| Lri 2 +||V^|| 


KMII 


)||V 0 || xO , i+e _ < 


‘Vl = l«l 


t KI=l«l M = |£l M = l£l 

The last estimate follows from ffl and (ED- For the first estimate we consider 
the low and high frequency parts of A d f as follows: 

ii ^ v ^ h ^ <THA#’ i \\ LrLS ,\m\ L - Ll 
<ri|||v| 1 -A* , || iriS [[V0[Lo.^<Ti|||v|^|| i =- iS ||V0|| xO , 4+ , 


|tM«I 


||i4 # - h V^|| 0 i _i+, < \\A df ’ h \\ ,i_ )||V0|| o. 


1 v~’ 3? 

M = |€l 


v - *’ ^ 

"Vl = l€l 


M = |€l 


where the last estimate follows by Theorem 12.1 
Claim 6 : 


U cf vn L i t < (l|VA^|| v _ 4+ii+ + , 


M=l£l 


where we split A c d into its low and high frequency parts A r d and A c ^. The low 
frequency part is easily estimated as follows: 

!l^ c/l, V0|| L ; t < \\A cf ’ l \\ Lr L~\m\ L2tLi < |||V|^|Ur^l|V^II, 


" y°' 2 + e ~ ' 

|t|=I£I 


For the high frequency part we want to show: 

P cM v0|| i|t < +ii+ 1 |vti 


M = |£l 


This estimate would follow if we prove 

3 

/ ^( 6 , 6 , 6 , n,T2,T 3 )u 1 (t 1 ,T 1 )U2(&,T2)u 3 (£3,T 3 )d£,dT < ||Uj || L \ t , 

d* i —l 
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where 


(M - I 6 I ) 2 + (6) 2 + (t3) 2+ 

The following argument is closely related to the proof of a similar estimate in m- 
By two applications of the averaging principle (HI, Prop. 5.1) we may replace m 
by 


m i _ X||t2|-|£2||~iX|t 3 |~i 


<6)5+ 

Let now r 2 be restricted to the region r 2 = T + 0(1) for some integer T. Then ly 
is restricted to n = — T + 0(1), because n + r 2 + t 3 = 0, and £ 2 is restricted to 
|£ 2 | = \T | + 0(1). The ti- regions are essentially disjoint for T £ Z and similarly 
the r 2 -regions. Thus by Schur’s test m, Lemma 3.11) we only have to show 

Xri=-T+Q(l)Xr2=T+Q(l)Xlr3HlX|^2N|Tl+0(l) 


sup 

Tez 


<&>* 


9 + 


Ul(tl,T 1 )u 2 (£2,T2)u 3 (&,T 3 )d£dT < ||Ui|| L 2 t . 


The r-behaviour of the integral is now trivial, thus we reduce to 

3 


sup / 

tgn Jj2 3 i=1 £«=o 


X|g 2 | |TK 0 ( 1 ) J i(a )J 2 ( 6 )J 2fe )^ < Yl II/, 11^2 . (33) 


( 6 ) 


2=1 


It only remains to consider the following two cases: 
Case 1: |£i| ~ |^| > T. We obtain in this case 


L.H.S. of 


~ SU P ;XTtII/i|Il 2 II/3||l 2 ||-A 1 (X|J|=T+0(1)/2)IIl“(R 2 ) 

tgn 1 ! + 

< SU P ^irll/llU 2 ll/3|U 2 IIXj?|=T+0(l)72||Li(R 2 ) 


tgn 


T 3+ 


^sup^— nn/iiU 2 <nn.Mi- 

tgn T 2+ , , 

2=1 2=1 


Case 2: |£i| ~ T > |^ 3 1. An elementary calculation shows that 
L.H.S. of HMD < — 11 ..wt\-i -"5 


3 3 

sup hxiji=t+o(i) * (o-nii~ (R 2 ) nii/*ik ~ n 

TeN v ; 


i\\Ll , 


2=1 


2=1 


so that the desired estimate follows. 

Claim 7: 

l|VA c ^0|| o i +6 _ < ||VA C ^|| i +e i + H^ll ! i 


" x ~> "S " 1 
M=|€l 


A x=0 


M=m 


By duality this is equivalent to 


</>|l < IML<a-«+ll0ILi,i+ e — • 


X, 


X, 


M=|*l M=l€l 

We use the estimate ||y < (|£| — |r|) and obtain 

ll^ll < ||W>II 0, l-e ^ |MI o ,l_ 6+ ||0|| i,l +6 — , 

A ^=° A M = I£I A M = I«I A |t| = |£| 

where the last estimate follows from Theorem 12.11 with so = 0,&o = —| + e, 
si = 0 , s 2 = 1 , &i = | — e+ , b 2 = 5 + e-. 

Claim 8: 


< (IIVA 


C/ " 2 + lll V | e 4 C/ ||i; 

X T=0 


X. 


1 ,±+ 
M = |€l 
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M = l£l 


M=l£l 


Splitting A c f = A c f’ h + A c f’ 1 we first consider 

lAftw***" < \w'.r L . Li M LrL ~- < 

Next we consider 

\\A c f’ l A cf ’ l <j>\\ Llt < \\A^ l \\l rLr \m L , Ll < |||V| £ A^||i ria J|^|| vlii 
and also 

\\A^A^ h <t>\\ Llt < \\A cf ' l \\ LrL ~, \\A cf ’ h \\ L 4 L 2+ im L * LT - 

<iiivi^iu ri jp c ^n i+ti m ,, i+ , 

X t\=0 A |t| = |£I 

which completes the proof of claim 8. 

If one combines similar estimates with and ED we also obtain the re¬ 
quired bounds for || A d ?A d f(f>\\ L 2 t and || A d ?A c ?cj)\\ L 2 ^. 

Claim 9: For a suitable N £ N the following estimate holds: 

m'm 2 )\\ Llt <m , i+ (i+iwr lii+ ). 


M = |£l 


X, 


M = l£l 


Using the polynomial bound of V' we obtain: 

ll#"(H 2 )lk t < u\\ Llt +|M|™, < ||0|l lf4+ (1 + M\ 4+ )■ 


1 

|T| = |£| 


■ y-'S " 1 

|t|=i«i 


Now the contraction mapping principle applies. The claimed properties of 
A d f follow immediately from (IdOl) , (EUT) and (1821) . The proof of Theorem 11.11 is 
complete. □ 


4. Proof of Theorem 11.21 

Proof. We follow the arguments of Selberg-Tesfahun 1ST! in the case of the Lorenz 
gauge. Define 

2 

!(t) = WHtfh 2 + 5Z II^WIU 2 + II^WIU 2 • 

i=i 

The first step is to show that the local existence time in Theorem 11.11 in fact only 
depends on 1(0). 

Even in the temporal gauge Aq = 0 there is some freedom left for the choice 
of the gauge. We apply a gauge transformation with 

x(x) = (—A)~ 1 divA(0,x) = (—A )~ 1 div a(x). 

In the new gauge we obtain A' Q = A 0 + d t X = A 0 = 0 and 

(A') cf (0) = A cf (0) + (Vx) cf (0) = -(-A)- 1 VdivA(0) + (-A)~ 1 VdivA(0) = 0. 

By this transformation the regularity of the data and of a solution is preserved, as 
we now show. The same holds for its inverse obtained by replacing x by — x- We 
namely have || 0 '||z 2 = W^l 2 and ||||z , 2 = II<9*^11 z , 2 as well as 

WM'h 2 = ||^(e^0)|U 2 < mxV^h 2 + \\e ix dj(j)\\ L 2 

< 11 ^( 0 ) 1 ^ 2 +^ 11 ^ 11 ^ 4^26 + ||0||zzi (ll|V| e a || L 2 + l)||0||z/i < oo, 

!I|V| £ A'||^ < |||V|U4||^ + |||V| e V X || H i < |||V|M|| ffi + |||V| e a|| ffi < oo. 
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Moreover the compatability condition is obviously preserved. An elementary com¬ 
putation also shows that I(t ) as well as E(t) is preserved, because 

\W\\l> = ll(^ - i(A„ + 0„x))(e*0)|| La 

= - iA^e %x ^> - IU 2 = II^m^IU 2 • 

We apply Theorem 11.11 to the transformed problem and obtain a solution 
on [0,T], where T depends only on ||0 / (O)||//i + ||c> t <//( 0 )|| i 2 , where we used that 
(A/) c ^(0) = 0. We now show that this quantity is controlled by /(0). Trivially we 
have || 0 , (O )|| L 2 = || 0 (O )|| L 2 and ||(< 9 t 0 , )(O )|| z ,2 = ||(d t 0 )(O)|| L 2 . Furthermore using 
(A') c/ ( 0 ) = 0 we obtain 

Wdrfm* < ||O'^(0)|U2 + ||A'(0)^(0)|U2 = ||D^'(0)|U2 + ||(A') d/ (0)^(0)|U2. 

(34) 

But now we obtain by (|5|) 

(A[) df ( 0) = -2A- 1 d 2 Imm0)(d t <j ) '(0)) (35) 

= -2A^ 1 d 2 Im(e- ix ^(0)e ix (d t ^(0)) = A?( 0) 

and similarly (A' 2 ) d f(0) = Alf (0). By the covariant Sobolev inequality (cf. [ GV I1 

2 2 

wm\ L . < wmwui:\wm\L^ = H0(o)iii 2 (5^ < m 

j =1 3 =1 

and similarly ||0(O)||z ,4 < 1(0), and thus by (IHUl and (IH5l) 

ll^0'(O)|| i 2 < 11^(0)11^2 + ||A d /(0)|U4||^(0)|| L 4 
< J(0) + ||V- 1 (< ? i(0)(5^)(0))|| L 4/(0) 

<7(0)(1+ 110 ( 0 ) 11 ^ 11 ^( 0 ) 11 ^) 

<7(0)(1+||/( 0 )||l a ) ■ 

We conclude that T only depends on 1(0). Finally we reverse the gauge transform 
to obtain the solution (</>(t), A(t)) on [0,T]. 

What we need to obtain a global solution is an a priori bound of I ( t) on every 
finite time interval. Of course we use energy conservation E(t) = E( 0). Under our 
sign assumption V(r) > —a 2 r V r > 0 we obtain 

E wwwwl* = m - [ v(\tp\ 2 )dx < |u(o)i+ a 2 \\m\h ■ m 

n=o J 

This implies 

J t (\\m\b) = J 2Re(W)(D 0 m)dx 
< 2 II 0(0 IU 2 II (Do4>) (Oil i 2 
<2\\m\L*(\E(0)\+a 2 \\m\l^ 

<a- 1 \E(0)\ + 2a\\m\h, 

hence by Gronwall’s lemma 

\\m\l* < e 2 “ | 4 | (ll0(O)|li2 + |7|«- 1 |7T(0)|). (37) 

By m and (EZD we obtain the desired a priori control of I(t), so that Theorem 
U is proved. □ 
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